Abstract. We apply the recent theory of evolution inclusions for set-valued pseudomonotone maps, developed in Kuttler and Shillor [Commun. Contemp. Math., 1 (1999), pp. 87-123] to the problem of dynamic frictional contact with normal compliance and wear. The friction coefficient is assumed to be slip rate dependent, and may be continuous, or discontinuous in the form of a graph with a vertical segment at the origin, representing the transition from the static to the dynamic value. The wear of the contacting surfaces is modeled by the Archard law. We prove the existence of a weak solution for the problem. We establish the uniqueness of the weak solution in the case when the friction coefficient is continuous. We also show that the problem with prescribed wear depends continuously on the wear.
Introduction.
We use the theory of set-valued pseudomonotone maps, which we have developed in [18] , to establish the existence of a weak solution of a dynamic frictional contact problem with wear, when the friction coefficient depends discontinuously on the slip velocity. The problem describes frictional dynamic contact between a deformable body, assumed to be viscoelastic, and a moving foundation and the resulting wear of the contact surface. This paper is a continuation of our investigation in [18] , where the contact problem has been considered, however, with continuous coefficient of friction and without wear. The new features in the model are the description of friction with a discontinuous coefficient and inclusion of the wear of the contacting surfaces. We investigate the case when the friction coefficient jumps from a static value, when the contacting surfaces stick together, to the lower dynamic value at the onset of relative motion between them. Such a behavior is often assumed in engineering applications. The contact between the body and a moving rigid foundation is modeled with the normal compliance condition, and friction is modeled with the pressure dependent condition. We use the Archard law to describe the evolution of the wear. The problem is formulated as an abstract inclusion in a Banach space to which the results of [18] apply.
Dynamic frictional contact problems have been considered recently in [5, 6, 9, 19, 21, 26, 31] , while quasi-static problems can be found in [2, 4, 7, 27, 30] and references to therein. See also [29] and the papers therein. It is a common assumption in engineering literature that the friction coefficient depends on the slip speed. However, there are only few and very recent mathematical publications which consider dynamic contact with a friction coefficient which depends on the slip velocity of the contacting surface [2, 10, 18, 19] . The last reference deals with a discontinuous slip-dependent coefficient, but in that problem the contact was assumed to be maintained and there was no wear. A simple one-dimensional dynamic problem was analyzed in [10] , where a criterion for the appearance of dynamic instabilities was discovered. Analysis and numerical simulations of thermoelastic frictional contact of a beam were performed in [17] . The quasi-static problem with slip or total slip (over the contact history) dependent coefficient of friction can be found in [2] and the dynamic thermoviscoelastic problem in [3] . Frictional contact problems with wear can be found in [6] and [31] .
In section 2, we present preliminary material which includes the abstract existence theorem of [18] that underlies our results here. The classical model for the process, its abstract formulation, the assumptions on the problem data, and the statement of our main result, Theorem 3.2, are given in section 3. Section 4 is devoted to approximate problems, with a known wear function, whose unique solvability, stated in Theorem 4.1, follows from the existence theorem in section 2. A solution of the contact problem with known wear, when the friction coefficient µ is continuous, is obtained as a limit of these approximate solutions in section 5. Under a mild additional assumption on the problem data we show that the solution is unique. We investigate in section 6 the case of a discontinuous friction coefficient. It is found that many of the necessary estimates do not depend on the continuity of µ, and this fact is exploited in establishing the existence of a weak solution in the case when µ has a jump discontinuity at the origin, when slip motion is initiated. The result is stated in Theorem 3.2, in the case when the wear is known. Uniqueness remains an unsolved problem in this case. In section 7, we prove the continuous dependence of the solutions of the problem on the wear function w. The result is stated in Theorem 7.1, and it has some merit on its own. In section 8, we deal with the problem with wear, which is assumed to evolve according to a local version of the Archard law. We use the results up to this point to establish the existence of the weak solution to the problem with wear; however, the questions of uniqueness and stability of the solutions remain open.
Preliminaries.
The existence results to be presented in this paper are based on our recent theorems [18] for differential inclusions of the form
(B (t) u (t)) + Au f (t) ,
where A is a set-valued pseudomonotone map. Here, the prime denotes the time derivative which is understood in the sense of distributions. Let V be a reflexive Banach space, over C, and let V denote the space of conjugate linear maps. We start with (see, e.g., [22] ) the following definition. 
Our theory of set-valued evolution equations was developed in general reflexive Banach spaces. Here we restrict ourselves to the spaces which we now describe. Let Ω ⊂ R N (N = 2, 3) be a domain, occupied by the deformable body, with Lipschitz boundary Γ. The surface is divided into three mutually disjoint parts Γ D , Γ N , and Γ C such that Γ C = ∅ is the potential contact surface. Next, we choose the space W as follows: if the body is clamped over Γ D , with meas Γ D > 0, then we set
N , and define
Then V p is a reflexive Banach space, and for p < q
we identify H and H and write
V p is a reflexive Banach space since it is isometric to a closed subspace of
and the inclusion map is continuous.
Next, we define the Banach space X as follows:
We shall use the following two results. Theorem 2.2 (see [20] [28] ). Let W, U, and Y be as above and let
We now describe the abstract setting we shall use. Let V and W be reflexive Banach spaces over C and let
, we write V instead of V I . We assume that the family of operators B (t) satisfies B (t) ∈ L (W, W ) and (2.12) where i is the inclusion map of V into W . The following lemma results from the definitions.
Lemma 2.4. L is a closed operator. We define
By Lemma 2.4, X is isometric to a closed subspace of a product of reflexive Banach spaces and thus X is also reflexive. Under these conditions the following theorem was proved in [18] . Theorem 2.5 (see [18] ). Let u, v ∈ X; then the following hold.
. K is linear, continuous, and weakly continuous.
The operator A in the theorem and below is assumed to satisfy
for u ∈ X; and
The following abstract theorem is the basis for the results in this paper. Theorem 2.6 (see [18] ). Let the spaces V and W be as defined above and let the operators A : V → P (V ) and B (t) satisfy (2.13)-(2.15) and (2.10)-(2.12), respectively. If f ∈ V and u 0 ∈ W, then there exists a solution u ∈ V to the initial value problem
Here, i is the inclusion map i : V → W . The proof of the theorem can be found in [18] . Downloaded 02/12/16 to 141.210.119.2. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 3. The model. We describe the classical problem and the assumptions on the data, then we formulate it abstractly, and we state our main results in Theorems 3.2-3.3. We use the isothermal version of the problem in [6] (see also [21, 8] ). We refer the reader there for a more detailed description of the model. We use the normal compliance contact condition (see, e.g., [6, 5, 15, 13, 21, 27] ) to describe the contact, together with a condition for dry friction. Dynamic problems with this condition have been investigated in [15, 5, 9, 6] . We use the Archard law, as has been done in [6] , to describe the wear of the contact surface (see also [27, 30, 31] ).
A viscoelastic body occupies the reference configuration Ω ⊂ R N , with boundary surface Γ = ∂Ω, such that Γ = Γ C ∪ Γ D ∪ Γ N . It may come in contact with a deformable moving foundation on the part Γ C . We set Ω T = Ω × (0, T ) for 0 < T and denote the displacements vector by u = (u 1 , . . . , u N ) and the stress tensor by σ = σ(u, u ) = (σ ij ), where here and below i, j = 1, . . . , N, and a comma separates the components of a vector or tensor from partial derivatives.
The equations of motion, in dimensionless form, are
where f B represents the volume force acting on the body. Initially,
where u 0 and v 0 are the prescribed displacement and velocity fields, respectively.
The body is held fixed on Γ D (when meas Γ D = 0) and tractions f N act on Γ N , thus
where n is the unit outward normal to Ω on Γ.
Our interest lies in the process on the contact surface Γ C . We denote the normal component of the displacements vector on Γ by u n = u · n, the tangential components by u T = u − (u · n)n, the normal component of the traction by σ n = σ ij n j n i , and the tangential tractions by
We model the contact between the body and the foundation by the normal compliance condition. Let g = g(x) be a nonnegative function on Γ C , representing the gap between the body's surface (in the reference configuration) and the foundation, measured along the normal n. We denote by w = w(x, t) the wear function which measures the wear of Γ C at position x and time t. It describes the change in the surface, in the (negative) direction of the normal, resulting from material removal because of friction. We assume that the contact pressure is given by (3.4) where p(·) is a nonnegative monotone function which vanishes for negative argument values. Thus, the pressure on the contact surface depends on the interpenetration u n − w − g, when positive. The choice p(r) = (r) mn + can be found in [13, 21] . We note that as the wear of the surface increases the normal displacement needed for contact increases, too. In the tangential direction we employ a dry friction condition that is compatible with (3.4) and which has a slip dependent and discontinuous friction coefficient. Let µ * denote the friction graph,
when r > 0, (3 
. If the contact surface is flat, a portion of a plane, we may choose v * to be a function of time only, but when the contact surface is not flat, even if the velocity of the foundation is constant, the tangential velocity is not constant and depends on the position and on time.
In the slip state (0 < r) the coefficient µ is given by µ c (r), and µ d = lim s→0 µ c (s) denotes the dynamic value at zero slip. In the absence of relative slip µ may have any value in the interval [µ d , µ s ]. Thus, we do not insist that it has the static value µ s , although it is likely when the body is in stick state for a while. We assume that µ c (r), for r ≥ 0, is a given positive Lipschitz function which satisfies the conditions below.
Next, we consider the friction condition. As is well known in applications, and explained well in [25, 32] , when the contact pressure is low to moderate, the real contact area is a small fraction of the nominal contact area, and the frictional tangential traction is proportional to the contact pressure, given by µp. This is the usual Coulomb's condition which is often used both in engineering and mathematical publications. However, when the contact pressure is very high, such as in metal forming processes, the fraction of the real contact area approaches unity, and the frictional traction reaches saturation and the maximal frictional resistance becomes independent of the contact pressure. Thus, there is a transition from the Coulomb law to the so-called Tresca law; see, e.g., [32] . Such a transition is observed both in elastic and plastic materials. A simple way to model such behavior is to introduce the truncated contact pressure function
Here, R = const. is the pressure at which the friction traction levels off. We could have used, instead, a more general, and less transparent, function F such that F = µp for small p, and asymptotically F → µR as p → ∞. Then the friction bound is defined as µp R , and the friction law is
Conditions (3.6)-(3.8) model friction as follows. The tangential part of the traction is bounded by µ s p R . Sliding commences when |σ T | reaches the bound µ s p R , and then the tangential force has a direction opposite to the relative tangential velocity. The actual value of µ is a selection out of the graph, (3.6).
The contact surface Γ C is divided, at each time instant, into the separation, slip, and stick zones.
We assume that the wear of the surface is either a given function or else it is proportional to the friction force and to the sliding speed, as in the Archard law, The new features in the model are the dependence, which often can be observed experimentally, of the friction coefficient on the magnitude of the slip, |u T − v * |, with a jump from a static to a dynamic value at the onset of sliding, and the wear of the contact surface. The problem with Lipschitz µ and without wear was investigated in [18] .
Finally, we assume that the material is viscoelastic with constitutive law
where the elasticity tensor A has the components A ijkl and the viscosity tensor C has the components C ijkl .
The classical formulation of the problem of dynamic frictional contact with normal compliance wear and discontinuous slip dependent friction coefficient is as follows: Find {u, w} such that (3.1)-(3.10) hold.
We make the following assumptions on the problem data. The normal pressure function p(·) is increasing and satisfies
and either
where p ≥ 2 is a fixed exponent here and everywhere below, and δ and K are positive constants. Also, p is the exponent and p(·) is the normal compliance function. The choice made in [21] and [13] of p(r) = r mn + , where 1 < m T ≤ m n , corresponds to p − 1 = m n and clearly (3.13) holds for suitable constants K and δ. The function s c satisfies
We assume that the coefficient of friction is a graph composed of the vertical segment [µ d , µ s ] and the function µ c is bounded, positive, and Lipschitz continuous,
We assume that the elasticity and viscosity coefficients A and C lie in L ∞ (Ω) and satisfy the following symmetries for B = A or C: We now obtain a weak formulation of problem (3.1)-(3.10) since, generally, the friction law and the set inclusion (3.6) preclude the existence of classical solutions.
We begin by defining the viscosity and elasticity operators M, A :
It follows from our assumptions and Korn's inequality [23] that both M and A satisfy
where
The abstract form of the problem for the displacement u, the velocity v, and the wear w, is the following.
the inclusion (3.6) holds and for all w ∈V p , 
When the triplet {u, v, w} solves the abstract problem (3.22)-(3.26), then u and w are a weak solution of (3.1)-(3.10).
The main results in this paper are presented according to whether the wear is a given function or is determined by the differential equation (3.23) . To begin with, we consider the following basic result, proved in section 5, in the case of a given wear function. We note that it includes all the published versions of the problem, such as [14, 21] or [15] .
, where µ c is bounded
If, in addition, p ≤ 4, then the solution {u, v} is unique. Next, we consider the case of a set-valued friction coefficient and given wear function. The proof can be found in section 6.
where ξ satisfies the inequality
and where 
If we wish to take into account the possible dependence of µ and p(·) on the position x on the contact surface, all we need to do is to assume that both functions are measurable in x, in addition to the other assumptions above. This increase in generality is mainly technical and does not change any of the arguments and conclusions that follow. Therefore, we have omitted an explicit reference to it in the models.
Existence of weak solutions for the problem with friction graph and a wear function that is an unknown of the problem remains an important unresolved problem.
4. Approximate problems with given wear. In this section we consider regularized approximate problems in which w is a given function satisfying
and
Next, let the operator J be defined by
We use J to regularize problem (3.22)-(3.26) and for each ε > 0 the approximate problem is the following.
Problem P(ε). Find v ε ∈ V q such that
for all w ∈V p .
Below we omit the subscript ε for the sake of simplicity. We have the following result for the approximate problems. The proof of the theorem is accomplished in a number of steps. We begin with the following assertion which follows directly from the definitions.
Lemma 4.2. The operators J, Q, M, A, and P (·, w) are bounded maps from
. Next, we change the dependent variable and set ye λt = v. Then, in terms of y, the problem P(ε) consists of finding y ∈ V q such that
Let X be the space given in (2.7). The next lemma will be used to show the operator Q λ given by
. Now if the lemma is not true, then there exists a sequence {v
for some η. By taking a subsequence, we may assume γv
. Thus, the sequence {| γv k − γv| p } is uniformly integrable, so it follows from the Vitali convergence theorem that
This contradicts the assumption that ||γv 
Proof. To simplify the notation we let
. Now it follows from (3.13) that 
) and observe that simpler arguments apply to the other two terms. We have
, which converges to zero by Lemma 4.3. Moreover,
which also converges to zero by Lemma 4.3. The other terms behave similarly.
Proof. We argue by contradiction. If (4.12) does not hold, then there exist two sequences y 
. Therefore, (4.13) cannot hold for all k, which proves the lemma.
Lemma 4.6. Q λ is a bounded pseudomonotone operator. Proof. We have already observed that Q λ is bounded, and it is straightforward to show that Q λ (y) is convex. Suppose that Q λ (y) ⊆ U, where U is a weakly open set in X , that y * k ∈ Q λ (y) \ U, and that y k y in X, where y * 
Now, using the notation p
and so from Lemma 4.5 we know that v * k v * , where To that end let y k y and y *
We choose a subsequence y k (depending on w) such that
be as in the definition of Q. We take a further subsequence, if necessary, such that z
. Then z satisfies (4.6) by Lemma 4.3. It follows from Lemma 4.5 that if we define y * (w) by
This proves the lemma. 
, and the result follows from Lemma 4.3. Now for each λ ≥ 0 the map y → e −λ(·) Au is monotone; in fact, 
then A λ is a sum of bounded pseudomonotone operators. Consequently, A λ : X → P (X ) is pseudomonotone [22] , verifying condition (2.15) for A λ . We now check the coercivity of A λ (2.14). To this end, we consider the various terms of A λ y, y . Let y * ∈ Q λ (y), which implies that y (4.17) and u(t) = u 0 + t 0 e λs v(s) ds. Thus, 
we have that the second integral is bounded below by
Therefore,
due to the assumptions that w ≥ 0 and p(·) ≥ 0. Similarly,
It follows from (4.19), (4.22) , and (4.23) that
We conclude that A λ is coercive when η is sufficiently small and by Lemma 4.2 that A λ : V q → V q is bounded. All the assumptions of Theorem 2.6 are satisfied now, and the proof of Theorem 4.1 is complete.
We use this result in the following section. However, we note that the theorem has merit of its own. Downloaded 02/12/16 to 141.210.119.2. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 5. Existence and uniqueness. We obtain a solution for problem P, when w is a known function, by deriving estimates on the solutions of P (ε) and passing to the limit ε → 0, thus proving Theorem 3.1. We are still assuming that µ is Lipschitz continuous.
The proof of Theorem 3.1 is accomplished in a number of steps. We denote by c a generic positive constant which is independent of ε. Multiplying both sides of (4.2) by vχ [0,t] and using the above formulas along with the assumption that w ≥ 0, and performing routine manipulations, we obtain the following estimates for v * ∈ Qv:
Now, when λ = 0 in (4.18), we obtain
The assumptions on p(·) given in (3.13) 
Now, since p(r) = 0 for r ≤ 0, (5.3) holds also when r < g(x). Then (5.2) yields Applying the Hölder inequality to the sixth term on the right-hand side we obtain
Now using the Gronwall inequality yields
where c does not depend on ε, q (for q > p) or w. If w ∈ V q , then (5.6) and the definition of J imply
Thus, when v ε is a solution of problem P(ε) we have
From (5.6) and the growth conditions for p(·) we find that Q(v ε , w) and P (u ε , w) are bounded in V p ⊆ V q . Using Theorems 2.2 and 2.3 we find that there exists a subsequence, still denoted by ε → 0, such that
Here U denotes a space containing W with compact identity map and such that the
N is continuous. Letting z ε be as in (4.5) and (4.6), (5.11) and (5.12) imply that, for a subsequence, 
where r = pq(2q − p) −1 . It follows from (5.6) that
Now note that r < p and so estimate (5.6) implies the functions
r are uniformly integrable. Then (5.15) and the Vitali convergence theorem imply
To obtain the other assertion, we note that P (u ε , w) is bounded in V p , and therefore it has a convergent subsequence such that P (u ε , w) weakly in V p . However, V q is dense in V p and so = P (u, w) . Since this holds for every weakly convergent subsequence, it follows that P (u ε , w) P (u, w).
, and µ ε = µ(|v εT − v * |). First suppose that w ∈ V q . It follows from the assumptions on z ε that z ε · w T ≤ (|v εT − v * + w T | − |v εT − v * |) for a.e. t and a.e. x. Therefore, 
which is bounded in L 1 , independent of ε. Therefore, using the Vitali convergence theorem in (5.20), we may pass to the limit and obtain (5.19) for all w ∈V q , and since V q is dense in V p this inequality holds for all w ∈V p . This proves the lemma.
Next, from (4.2), (5.13), (5.14), (5.9), and Lemma 5.1 we obtain
Since γ * T ξ, Au, Mv and f are all in V p , so is v . This proves the existence part of the theorem.
Proof of uniqueness. Suppose v 1 and v 2 are two solutions of P. Let,
Thus, if we denote by c a positive generic constant, we have
Consequently, the last term on the left-hand side in (5.22) dominates 
From the assumptions on p(·) and from (5.22) we obtain
, we obtain, with another c which depends on u 1 and u 2 ,
where we used the fact that the trace map W → L 4 (∂Ω) is continuous. It follows from the compactness of the embedding U → W that
Choosing ε = δ 2 4 and adjusting the constants yields
By the Gronwall inequality we obtain v 1 = v 2 . This concludes the proof of Theorem 3.1 in the case that p satisfies (3.13 
Moreover, if the function p(·) satisfies (3.12), the solution {u, v} is unique. We note that (3.28) and the fact that
6. Discontinuous friction coefficient. In this section we consider the case when the coefficient of friction is a discontinuous function of the slip speed and establish Theorem 3.2. This is the case often described in elementary courses where it is stated that the coefficient of sliding friction is smaller than the coefficient of static friction. Therefore, we assume that the function µ has a jump discontinuity at zero, becoming smaller when slip takes place, and is represented by the friction graph µ * (3.5).
To investigate this case when p satisfies (3.13), we regularize the graph µ * by defining µ c (r) = µ d for all r ≤ 0 and 
We note that Lemma 5.1 still holds. As above, we let F = p R (u n − w − g) and Downloaded 02/12/16 to 141.210.119.2. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
As in the proof of Lemma 5.2, the first integral on the right-hand side converges to
where p R = p R (u n − w − g). We need to show that the second integral converges to zero. This follows from the observation that, since p R is bounded, is an element of the graph of µ * , a.e. The proof of Theorem 3.2 is now complete in the case where p (·) satisfies (3.13). Theorem 3.2 holds in the case where p (·) satisfies (3.12) from arguments similar to the above but without the necessity of dealing with the limit as ε → 0 in the solutions of the approximate problems in which εJv ε was added.
The uniqueness of the solution remains an open question.
Dependence on w.
In this section we investigate the dependence of the solution of (3.27)-(3.30) on w in the situation of (3.12) and µ * = µ = µ c . Therefore, in this section we do not need to employ the truncation p R . We need to identify the dependence of γ * T ξ on w and for this reason we write γ * T ξ w and rewrite (3.27)-(3.29) as follows: Now let w i , for i = 1, 2, be two wear functions as above and let v i denote the corresponding solutions of problem (7.1)-(7.3). We need the following estimates. From (7.3) we obtain
where where the constant c depends on the indicated quantities and the bounds and Lipschitz constants of p and µ but not on the choice of w i . We conclude with the following theorem.
Theorem 7. 
